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We report a transition from a disordered state to an ordered state in the flow of nearly monodis-
perse granular matter flowing in an inclined channel with a bumpy base, in discrete element method
simulations. For low particle-sidewall friction coefficients, the particles are disordered and the Bag-
nold velocity profile is obtained. However, for high sidewall friction, an ordered state is obtained,
characterized by a layering of the particles and hexagonal packing of the particles in each layer. The
extent of ordering, quantified by the local bond-orientational order parameter, varies in the cross-
section of the channel, with the highest ordering near the side walls. The flow transition significantly
affects the local rheology – the effective friction coefficient is lower, and the packing fraction is higher,
in the ordered state compared to the disordered state. A simple model, incorporating the extent of
local ordering, is shown to describe the rheology of the system.
Understanding the flow of granular materials is impor-
tant in the context of natural phenomena and industrial
processes [1–5]. Considerable progress has been made
in the development of theories for the rheology of gran-
ular flows, with the objective of developing continuum
models for the analysis and design of large systems [6–
10]. Granular materials exhibit many complex phenom-
ena [11, 12]. The ordering of monodisperse granular ma-
terials, when subjected to vibration or shear flow, is one
example [13–18]. The transition from a disordered state
to an ordered state is marked by a significant increase in
the solid fraction manifested as a compaction of the ma-
terial [13, 17]. In sheared systems, which are the focus
of the present study, ordered states show a layering of
particles with adjacent particle layers sliding past each
other without much interchange of particles between the
layers [15, 16, 19]. Shear stresses are consequently lower
compared to the disordered state. Order-disorder transi-
tions thus affect system behavior significantly, however,
they have not been explicitly incorporated in the analysis
of granular rheology.
The most detailed studies of order-disorder transitions
in granular shear flow are computational, using the dis-
crete element method (DEM) to simulate the flow of
monodisperse particles (diameter d) on a rough inclined
plane with periodic boundary conditions (no sidewalls)
[19–21]. Kumaran and Maheshwari [20] carried out a
study of the transition using a base comprising parti-
cles of diameter, db, arranged on a square lattice. When
the base roughness parameter (db/d) was less than 0.6,
the system underwent a transition to an ordered state,
comprising hexagonally close packed particle layers slid-
ing on each other. The shear stress (τxy) in the ordered
state followed the Bagnold scaling (τxy ∝ γ˙2, where γ˙ is
the shear rate) but with smaller values of the Bagnold
coefficients compared to the disordered state. The tran-
sition was very sharp, occurring over a 1% change in the
roughness parameter. A similar ordering was seen in ex-
perimental studies of glass beads flowing in an annular
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FIG. 1. A schematic view of the system geometry showing
the coordinate system and the direction of gravity (g). The
channel (length Lx and width Lz) has frictional sidewalls, a
bumpy base and is inclined at an angle β. The flow is in the
x direction.
shear cell with smooth sidewalls by Tsai et al. [15], Tsai
and Gollub [16] and Savage and Dai [22]. Hill et al. [23]
and Bi et al. [24] reported layering in the flowing layer
in a quasi-2d rotating cylinder and an inclined chute, re-
spectively, but did not examine the ordering within the
layers. Orpe et al. [25] showed local ordering near the
sidewalls for the flow in a vertical channel. A large num-
ber of studies of dense granular flows in narrow channels
have been carried out in the past[23, 24, 26–35]. While
the effects of sidewalls on the flow have been previously
noted [36], their role in initiating ordering has not been
examined. In this work, we study the gravity driven flow
of nearly monodisperse particles in a rectangular channel
with a rough base and planar frictional sidewalls (Fig. 1),
by means of DEM simulations, to understand the factors
affecting the transition to ordered states and to charac-
terize the rheology of the flow.
The system comprises an inclined channel having pla-
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2nar sidewalls with a particle-wall friction coefficient, µpw,
and a bumpy base made up of a 1.2d thick slice of a ran-
dom close packed bed of mono-sized spheres of diameter
d (Fig. 1). The channel has a length Lx = 20d and
width Lz = 10d, with periodic boundary conditions on
the surfaces normal to the x-axis. N ∈ (3000, 10500)
particles of diameter d and mass m are used in the sim-
ulations, with a polydispersity of ±5% in the particle
diameter. The contact forces generated due to the defor-
mation of the spheres are calculated using the L3 model
of Silbert et al. [37]. The equations of motion are non-
dimensionalized using d, m, mg, and
√
d/g as length,
mass, force, and time units and all results are presented
in terms of dimensionless variables. The detailed simula-
tion methodology is given in [38]. The parameters used in
the simulations are: particle-particle friction coefficient,
µp = 0.5, coefficient of restitution, e = 0.88, dimension-
less normal spring constant, kn = 2×105, and tangential
to normal spring constant ratio, kt/kn = 2/7.
The flow achieves a steady state only for a range of
inclination angles (β) and all results reported here are
averaged over 4 sets, each with a time duration of 1000
units at the steady state. For coarse graining, we use bins
with dimensions 20×1×1 to calculate the mean velocity
(vx), volume fraction (φ, the volume of particles in a bin
divided by the volume of the bin), and total stress tensor
(σ) composed of streaming and collisional components
computed as in Ref. [39]. The deviatoric stress tensor
(τ ) is given by τ = −σ − Pδ, where δ is the unit tensor
and P = −tr(σ)/3 is the pressure. The shear rate (γ˙ =
dvx/dy) is obtained by differentiating the mean velocity
profile using the forward difference method. The number
density (n) is calculated based on the positions of the
centroids of the particles using bins with a small height
(dimensions 20× 0.05× 1) so as to probe layering in the
system. The local bond-orientational order parameter
(q6) in the x–z plane is calculated from
q6 =
∣∣∣ 1
Nb
∑
j=1
1
Nbj
Nbj∑
k=1
exp(i6θjk)
∣∣∣, (1)
where Nb is the number of particles in a bin, Nbj are the
nearest neighbors of particle j, and θjk is the angle made
with the x axis by the line joining the centroids of the
reference particle j and its neighbor k. Since the particles
are layered in the ordered state, nearest neighbors of the
reference particle are taken to be only those particles
which are at radii smaller than the first minimum in the
radial distribution function and at heights±0.1d from the
height of the reference particle. q6 = 1 for a hexagonally
ordered system and q6 = 0 for a completely disordered
system.
Fig. 2, which shows snapshots of the system at steady
state, qualitatively illustrates the effect of wall friction
on ordering. When the sidewalls are nearly frictionless
(µpw = 0.0001, Fig. 2a), the particles are disordered,
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FIG. 2. Snapshots of the system for N = 9000 flowing
particles for the channel inclined at β = 28◦. Side view of
the system for (a) low particle-wall friction coefficient (µpw =
0.0001) and (b) high particle-wall friction coefficient (µpw =
0.15). A fixed bed is formed for µpw = 0.15 and the interface
between the fixed bed and the flowing layer is shown by a
solid line in (b). Particles in a slice of thickness 1d taken
at the dashed lines for (a) and (b) are given in (c) and (d),
respectively. Line shows the hexagonal ordering in (d).
whereas, for highly frictional walls (µpw = 0.15, Fig. 2b),
the particles near the base form a fixed bed and the par-
ticles are arranged in layers. The system also shows sig-
nificant compaction and the height decreases by ∼ 7d for
the latter case. A slice of thickness one particle diameter
taken in the flowing region (dashed line in Fig. 2b) shows
hexagonal ordering (Fig. 2d) in the case of high µpw, how-
ever, no in-plane ordering is observed in the case of low
µpw (Fig. 2c). A video showing the flow in the two states
is included in the supplementary material of the paper.
Fig. 3 shows the effect of the particle-wall friction co-
efficient (µpw) on mean velocity (vx), volume fraction
(φ), number density (n), local bond-orientational order
parameter (q6), shear stress (τxy), shear rate (dvx/dy),
root mean square velocity (u), and inertial number (I =
γ˙d/(P/ρp)
1/2, where ρp is the particle density) profiles,
at the center-line of the channel (z = 0). With in-
creasing µpw, the maximum velocity reduces and a fixed
bed forms near the base. For the low friction cases
(µpw = 0.0001, 0.01) the velocity profiles closely match
the Bagnold velocity profile (dashed lines, Fig. 3a). The
volume fraction profile along the layer depth is uniform
for low µpw but increases with the depth at higher µpw.
The magnitude of the volume fraction increases signifi-
cantly with increasing µpw as discussed above. The num-
ber density profile (Fig. 3c), obtained using bins of height
0.05, clearly shows a layering of the particles (indicated
by high local values of n) at the higher values of µpw
and no layering at lower values. A near-perfect in-plane
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FIG. 3. (a) Mean velocity (vx), (b) volume fraction (φ), (c)
number density (n), (d) local bond-orientational order pa-
rameter (q6), (e) shear stress (τxy), (f) shear rate (dvx/dy),
(g) root mean square velocity (u), and (h) inertial number
(I) profiles obtained from the flow of 9000 spheres down the
channel inclined at β = 28◦ for various particle-wall friction
coefficients (µpw) indicated in the legend. The dashed lines
in (a) are Bagnold velocity profiles and in (e) are predictions
of the momentum balance equation.
hexagonal ordering (q6 ≈ 1) is observed in the middle
region of the flowing layer at higher µpw (Fig. 3d), how-
ever, the material is in a disordered state near the free
surface. The extent of ordering increases and the order-
ing front propagates to greater heights with increasing
µpw (Fig. 3d). The shear stress increases linearly with
increasing depth in the flowing region and matches with
the momentum balance prediction for the case of fric-
tionless sidewalls (dashed lines, Fig. 3e). However, its
variation is complex and magnitude is lower in the fixed
bed regions for the cases at higher µpw. For low µpw,
the shear rate increases monotonically with increasing
depth; whereas, for higher values of µpw, the shear rate
exhibits a maximum and goes to zero in the fixed bed, as
seen previously in experimental results for channel flows
[32]. The root mean square (rms) velocity (u) exhibits
a variation qualitatively similar to the shear rate. The
inertial number is nearly constant over the depth of the
layer for the low wall friction cases, but shows a maxi-
mum at higher µpw. Increasing the flowing layer height
(H) by increasing the number of particles (N), keeping
other parameters fixed, results in a similar disorder-order
transition. Reduction in inclination angle (β) also causes
the transition. The disorder-order flow transition is ro-
bust and is observed for a wider channel (Lz = 20) and
when the poly-dispersity is increased to ±10% of the di-
ameter, though the extent of ordering is reduced in the
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FIG. 4. Variation of q6 in the y–z plane in the case of µpw =
0.10, N = 9000, and β = 28◦. The dashed line shows the
interface between the fixed bed and the flowing layer.
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FIG. 5. Variation of (a) effective friction coefficient (µ) and
(b) volume fraction (φ) with inertial number (I) for different
cases. The variation from the base case values (β = 28◦,
z = 0, µpw = 0.1, N = 9000) for each data set is indicated in
the legend. Only data in the ordered regions (q6 > 0.93) and
in the disordered regions (q6 < 0.2) are included. Error bars
are standard deviations over four sets. The solid lines and
dashed lines are fits of (a) Eq. 2 and (b) Eq. 3 to the data in
the disordered and ordered regions, respectively. The fitted
model parameters are listed in Table I.
latter case.
Fig. 4 shows the variation of the order parameter, q6, in
the cross-section of the channel for one case. The results
indicate that the extent of ordering varies in the cross-
section, with the highest degree of ordering near the side-
walls (z = 5) and the lowest near the base (y = 0) and
the free surface (y = H). The results presented above
indicate the following mechanism: when the wall friction
becomes large enough, a partially ordered fixed bed is
formed, which presents a smoother base for the flow and
promotes layering. Ordered regions are then nucleated at
the sidewalls and grow inwards with increasing wall fric-
tion. The transition in the present case is also boundary
driven, as found previously for a system without sidewalls
[20].
We examine the rheology of the system in the frame-
work of µ–I and φ–I scaling relations [33] in Fig. 5, where
4TABLE I. Model parameters of the constitutive equations of
µ− I rheology.
q¯6 µs µm I0 φmax a b
0.08 0.38 0.73 0.38 0.59 0.18 1.18
0.94 0.33 0.56 0.38 0.67 0.08 1.18
µ = |τ |/P is the shear rate dependent friction coefficient.
A large number of sets in which only one of the parame-
ters is varied from the base case values (β = 28◦, z = 0,
µpw = 0.1, N = 9000) are shown for data in either the
highly ordered (q6 > 0.93) or highly disordered (q6 < 0.2)
regions. The data collapse is very good for µ and the
results show a significant reduction in the friction coef-
ficient with ordering. The collapse is also very good for
φ in the disordered regions and ordering results in an in-
crease in volume fraction, but the collapse is not as good
for the data in the ordered regions. Data corresponding
to intermediate ordering fall between the data clusters
shown. Following Jop et al. [33], we fit the following
empirical equations to the data
µth = µs + (µm − µs)/(1 + I0/I), (2)
φth = φmax − aIb, (3)
and fitted values of the model parameters (µs, µm, I0,
φmax, a, b) are given in Table I for the ordered and dis-
ordered regions. The fits are quite good for both µ and φ.
To describe the rheology of regions with partial ordering,
we assume the model parameters to be linear functions of
q6 interpolating between the values for the highly ordered
and disordered states (Table I). Fig. 6 shows a compar-
ison of the predicted values (µth, φth) to the simulation
results for all the data, including those from partially or-
dered regions. The predictions are quite good for both
µ and φ (±10%), indicating that the simple model pro-
posed here can describe the local rheology, provided the
extent of local ordering is known.
We show that sidewall friction results in complex or-
dering of granular material in channel flows, which causes
local compaction and reduction in the local friction coef-
ficient. The ordering is facilitated by the formation of a
partially ordered fixed bed, which results in a reduction
in the effective roughness of the base. The mechanism
is robust and ordering is obtained for wide range of sys-
tem parameters, including increased polydispersity. The
model presented is a first step in the analysis of such
partially ordered flows, however, prediction of the local
extent of ordering remains a challenge. The results have
implications for the analysis of channel flow experiments
as well as for modelling such systems.
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FIG. 6. Comparison of the estimated (a) friction coefficient
(µth) and (b) solid fraction (φth) to the simulation results
(µ, φ) for the different cases shown in Fig. 5. Data for the
partially ordered regions are included along with two addi-
tional cases shown in the legend. Open symbols: data in the
ordered region (q6 > 0.93), filled symbols: data in the disor-
dered region (q6 < 0.2), and thick open symbols: data in the
partially ordered region (0.93 > q6 > 0.2).
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